
Differential equations of the first-order  (examples) 

 

 

 

 

1. Solve the differential equation: x(1+y
2
) = y y` 

 

 

Solution: 
 

                x(1+y
2
) = y y` 

                x(1+y
2
) = y 

dx

dy
       all multiply with  dx  (dx≠  0)   and  divide with 1+y2 

                x dx = 
21 y

ydy

+
         this is a differential equation that separates the variable! 

              ∫∫ +
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2

1ln
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      the general solution of this differential equations (implicit form of solution) 

 

 

 

 

 

2. Solve the differential equation: x
2 
= 3 y

2 
y` 

 

 

 

Solution: 
 

                 x
2
= 3y

2
y` 

                x
2
= 3y

2

dx

dy
  
          all multiply with  dx  (dx≠  0)    

               x
2
dx = 3y

2
dy            differential equation that separates the variable 

 

              dyydxx ∫∫ = 22 3     both  are table  
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3
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        general solution 

 

 

 

 



3. Solve the differential equation: 
x

yx
y

2

2
`

+
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Solution: 

 

                      
x
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2
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+
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y
x

y
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` x
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+
=      this is a homogeneous differential equation 

replacement:  zxzyzxyz
x

y
+=⇒=⇒= ``  
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2
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z
xz

−
=   this is differential equation that separates the variable  z`=

dx

dz
 

                   
2
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x
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dz −
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− z
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2 x
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2

1
 

                 =
−∫ z
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2 ∫ x
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2
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                  cxz lnln
2

1
2ln +=−−    trick is that when all the solutions  are by ln , to add lnc instead of c     

 

                   cxz lnln2ln 2

1
1
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                   cxz 2

1
1

ln2ln =−
−

    

                   cxz 2

1
1

2 =−
−

 

                   cx
z
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1
    return replacement z

x

y
=  

                     cx

x

y
=

−2

1
  This is implicit form of solution, if required by your professor,                                                                                      

                                                                                       express y, and we have explicit solution. 

 

 

 

 



4. Solve the differential equation:  xy
2
dy = (x

3 
+ y

3
)dx 

 

Solution: 
 

 

                     xy
2
dy = (x

3 
+ y

3
)dx 
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=   homogeneous differential equation 

replacement  :  zxzyzxyz
x

y
+=⇒=⇒= ``  
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z
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z
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1

z
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y
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y
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         is general solution 

 

 

 

 

 



5. Solve the differential equation:  xy` - x
2
 +2y = 0 

 

Solution: 
 

 

                     xy` - x
2
 +2y = 0 

 

xy` + 2y = x
2 
     all divide with x ( x≠ 0) 

 

xy
x

y =+
2

`     This is  linear differential equation     p(x)=
x

2
   and  q(x)= x 

 

y = ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−   formula 

 

 

 

Firs , solve: ∫ dxxp )(  

 

∫ dxxp )( = dx
x∫
2

=2 ln x = ln x
2
 

4
)(

4
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ln)(
2 x

dxxdxxxdxxedxexq
xdxxp

====∫ ∫∫∫∫  

 

y = ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫− = ]
4

[
4

ln 2 x
ce x +− = ]

4
[

1 4

2

x
c

x
+   So: 

y = ]
4

[
1 4

2

x
c

x
+    explicit form of solution 

 

 

6.   Solve the differential equation:    y` -2xy = (x – x
3
)

2xe  

 

Solution: 

     y` -2xy = (x – x
3
)

2xe   linear differential equation                      p(x)= - 2x   and  q(x)= (x – x
3
)

2xe    

  

∫ dxxp )( =? 

∫ dxxp )( = 2
2

2
22)2( x
x

xdxdxx −=−=−=− ∫∫  

42
)()()(

42
33)( 22 xx
dxxxdxeexxdxexq xxdxxp

−=−=−=∫ ∫∫∫ −   

 

y = ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫− = ]
42

[
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ce x −+  

y = ]
42

[
42

2 xx
ce x −+  

 

 

 



 

7.  Solve the differential equation:    y` cos
2
x = tg x – y    and   find that particular solution that  meets   

 

  conditions: x = 0 and  y = 0 

 

 

Solution: 
 

 

 

First, we solve the differential equation and then  we will find a constant value, for  given  conditions. 

 

y` cos
2
x = tg x – y   

   

y` cos
2
x + y = tg x    all divide with cos

2
x 

 

y` +
x

tgx
y
x 22 coscos

1
=     linear differential equation  

x

tgx
xq

x
xp
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)(..................
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1
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As usual, first  we solve integral: ∫ dxxp )(  

 

 

∫ dxxp )( = dx
x∫ 2cos

1
= tg x  

 

tgxtgxtt

t

t

ttgxdxxp

etgxeete
vedudt

dvdteut

egrationpartialdtte
dtdx
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dxexq
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=
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1
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y= ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫− = ][ tgxtgxtgx etgxece −+−  

 

             y = 1−+− tgxce tgx                          explicit form of solution 

 

 

 

Change here x = 0 and  y = 0. 

 

0= 100 −+− tgce tg  

0 = c – 1 

 

c = 1    now ,back this in the general solution      y = 11 −+− tgxe tgx = 1−+− tgxe tgx  

 

                                                                                                      This is particular solution. 

 

 

 



8.  Solve the differential equation:     yyxxy 42` 2 =−  

 

Solution: 
 

                   yyxxy 42` 2 =−  

yxyxy 224` =−  

2

1

224` yxyxy =−   

                                   

2

1

2
4

` yxy
x

y =−     this is the Bernoulli differential equation ,    n = 
2

1
  , replacement: 

 

 

 

2

1

2
4

` yxy
x

y =−      all devide with  y 2

1

 

 

Back in the equation: 

 

x

y

y

x
y

y
2

4`

2

1

2

1
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xu
x

u 2
4

`2 =−    all devide fith  2 

 

xu
x

u =−
2

`     This is now  linear differential equation  ( by “u”) 

 

u(x) =     ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−         

 

 ∫ dxxp )( = 
2
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2
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x
xxdx
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  xdx
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x
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2
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 u(x) =     ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−  = ]ln[
2ln xce x +     

         

 u(x) =  ]ln[2 xcx +        back in replacement : uy =  

 

=y ]ln[2 xcx +               

 

           y = 24 ]ln[ xcx +                                       
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9. Determine what solution differential equations 02)2( 22 =+++ ydydxxyx satisfy the initial condition 

 y(0)=1 

 

Solution: 

First, we solve the differential equation and then find a constant value for the condition y(0)=1. 

 

                  02)2( 22 =+++ ydydxxyx      all divide with dx  

 

0`2222 =+++ yyxyx      all divide with  2y 

0`
2

1

2
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+
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y

xx
 

1
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1
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yy     this is the Bernoulli differential equation                  n = - 1 

 

replacement  :   
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=

=−
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2

2

2

1
` −+

=+ y
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yy  all multiply with   2 y 

 

xxyyy 2`2 22 +=+  

 

xxuu 2` 2 +=+     linear differential equation   

 

u(x) =     ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−         

 

∫ dxxp )( = xdx =∫1  

 
2
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2
( ) ( 2 )
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x
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x
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q x e dx x x e dx

x dx du e v

x u e dx dv
e x x e x dx

dx du e v
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∫ ∫

∫

∫

2x+ 2+ 2− 2) xx e= −

 

u(x) =     ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−       

u(x) =  2 2[ ]x x xe c x e e c x− −− = ⋅ −  

 

return replacement 

 

 



 

 

y
2
 = 2xe c x− ⋅ −      Solution                                     Put here  x = 0   and    y = 1 

 

1 = c , and  

 

y
2
 =   2xe x− −    

 

 

 

 

 

10. Solve the differential equation: 0)36()32( 222 =−+++ dyyxyxdxyxy  

 

 

 

Solution: 
 

 

Check whether this is a total differential equation: 

 

P(x,y)= 2xy+3y
2
 

 

Q(x,y) = x
2
 + 6xy – 3y

2
 

 

yx
y

P
62 +=

∂

∂
    i      yx

x

Q
62 +=

∂

∂
   

 

Since 
x

Q

y

P

∂

∂
=

∂

∂
 , this is total differential. 

Formula is: C= ∫∫ ∫ ∂

∂
−+ dydxyxP
y

QdxyxP ]),([),(  

 

xyyxxy
x
ydxyxydxyxP 222

2
2 33

2
2)32(),( +=+=+=∫∫  

xyxxyyx
y

6)3( 222 +=+
∂

∂
 

 

∫ −−−+++= dyxyxyxyxxyyxc ]636[3 22222  

 

∫ −++= dyyxyyxc ]3[3 222  

 

 

  322 3 yxyyxc −+=   general solution       

 

 

 

 

 



 

11. Solve the differential equation: 0)54()23( 22 =+++++ dyyxyxdxyyx    knowing that its integration 

 

factor has a form )( 2yx += λλ .  Find solution which passes through the point M (-2.1) 

 

Solution: 
 

 

If µ (x,y)= µ (w(x,y))  (see the theoretical part) then: 
 

dw

x

w
Q

y

w
P

y

P

x

Q

d
∫∫

∂

∂
−

∂

∂
∂

∂
−

∂

∂

=
µ
µ

       use this formula to find integrating factor. 

 

0)54()23( 22 =+++++ dyyxyxdxyyx  from here is: 

 

P(x,y)= 223 yyx ++        y
y

P
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∂

∂
                              w=x+y

2
         1=

∂

∂

x

w
      y

y

w
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∂
 

 

Q(x,y)= 254 yxyx ++      y
x

Q
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∂

∂
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∫∫ ++−++
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=
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µ
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−
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2322
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µ
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yyyx
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−
=
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µ
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yxy
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∫∫ +−

−
=

))(12(

12
2µ

µ
 

 

dw
yx

d
∫∫ +

=
)(

1
2µ

µ
                  w=x+y

2 

 

 

lnµ =ln(x+y2) +ln c ,then is          lnµ =ln(x+y2)c                          for  c=1  is    µ = x+y2 
 

 

Therefore, required integrating factor is µ = x+y2 . 
 

 

Multiply the whole equation with µ = x+y2 
 



0)54)(()23)(( 2222 =+++++++ dyyxyxyxdxyyxyx  

 

0)5454()2323( 43222243222 =+++++++++++ dyyxyxyxyyxxdxyyxyxyxyx  

 

0)5464()2423( 432224322 =+++++++++ dyyxyxyyxxdxyyxyxyx  

 

32 4682 yyxyx
y

P
+++=

∂

∂
              32 4682 yyxyx

x

Q
+++=

∂

∂
    

 

 

C= ∫∫ ∫ ∂

∂
−+ dydxyxP
y

QdxyxP ]),([),(  

 

∫∫ =dxyxP ),( dxyyxyxyx )2423( 4322 ++++ = xyxy
x

y
x
y

x 43
2

2
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2
2

4
2

2
3
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y∂

∂
)2

2
4

2
2

3
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2
2
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xyxy
x

y
x
y

x
++++ =x

2
+4x

2
y+6xy

2
+4xy

3
 

 

C= xyxyxyyxx 432223 22 ++++  + ∫ [ )5464( 43222 yxyxyyxx ++++ -( x
2
+4x

2
y+6xy

2
+4xy

3
)]dy 

 

C= xyxyxyyxx 432223 22 ++++ + dyy∫ 45  

 

   C= xyxyxyyxx 432223 22 ++++ + 5y   is general solution       

 

Solution which passes through the point M(-2,1) is : 

 

C= -8 + 4 + 4 – 4 – 2 + 1= - 5                       xyxyxyyxx 432223 22 ++++ + 5y   = - 5 

 

 

12. Solve the differential equation: 
2

23

37

23
`

xy

xyy
y

−

−
= if you know that the integration factor  is in the function of y 

 

 

Solution: 

 

 

 

2
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37
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`

xy

xyy
y

−

−
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2

23

37

23

xy

xyy

dx

dy

−

−
=  

 

dxxyydyxy )23()37( 232 −=−  

 

0)23()37( 232 =−−− dxxyydyxy  

 



0)37()32( 232 =−+− dyxydxyxy  

 

294 yxy
y

P
−=

∂

∂
       23y

x

Q
−=

∂

∂
 

 

How is the integration factor in the function of y, we will use formula : 

 

µ (x,y)= µ (y) 
 

dy
y

P

x

Q

P

d
)(

1

∂

∂
−

∂

∂
= ∫∫ µ

µ
 

 

dyyxyy
yxy

d
)943(

)32(

1 22

2
+−−

−
= ∫∫ µ

µ
 

 

dyyxy
yxy

d
)64(

)32(

1 2

2
+−

−
= ∫∫ µ

µ
 

dyxyy
yxy

d
)23(2

)32(

1
2

−
−

= ∫∫ µ
µ

 

 

dy
y

d
∫∫
−

=
2

µ
µ

 

cy lnln2ln +−=µ    cy lnlnln
2
+=

−
µ za c=1 je 

2

1

y
=µ   the integration factor 

0)37(
1

)32(
1 2

2

32

2
=−+− dyxy

y
dxyxy

y
 

 

0)3
7

()32(
2

=−+− dyx
y

dxyx  

3−=
∂

∂

y

P
               3−=

∂

∂

x

Q
 

 

∫∫ =dxyxP ),( (2x – 3y)dx = x
2
 – 3yx 

y∂

∂
( x

2
 – 3yx) = - 3x 

C= ∫∫ ∫ ∂

∂
−+ dydxyxP
y

QdxyxP ]),([),(  

C= x
2 
- 3xy + dyxx

y
)33

7
(

2
+−∫  

C= x
2 
- 3xy + dy

y
)

7
(

2∫  

 

y
xyxC

7
32 −−=  this is a general solution    



13. Solve the differential equation     y` = ln(xy` - y)  
 

Solution: 

 

Replacement:      y`= p              pdxdyp
dx

dy
=⇒=  

 

y` = ln(xy` - y) 

 

 p = ln( xp – y )  here express   y 

 

e
p
 = xp – y 

y = px - e
p
        / d 

  

dp
p

exp
dx

x

exp
dy

pp

∂

−∂
+

∂

−∂
=

)()(
     

cy

ep
p

ce
y

expy

p

ce
x

ocexp

dpex

dpex

dpexpdxpdx

dpexpdxdy

p
p

p

p

p

p

p

p

p

−=

−
−

=

−=

−
=

=+−

=−

=−

−+=

−+=

∫ 0)(

0)(

)(

)(

 

 

                         

cy

p

ce
x

p

−=

−
=

                     general solution in the form of parametric 

 

 

 

 

 

 

14. Solve the differential equation     2`` xyyy =+  

 

 

Solution: 

 

 

 

And here we, as well as in the previous example, use a method with  parameter: 

 

 



y`= p              pdxdyp
dx

dy
=⇒=  

 
2`` xyyy =+  

pxpy

xpyp

−=

=+
2

2

 

 

 

dppxdxpdy )12(2 −+=  

 

dppxdxppdx )12(2 −+=  

 

dppxdxpp )12()( 2 −=−    all divide with dp 

 

)12()( 2 −=− px
dp

dx
pp  

 

)12(`)( 2 −=− pxxpp  

 

12`)( 2 −=−− pxxpp   multiply with   -1 

 

12`)1( =+− pxxpp    all divide with  p(p – 1) 

 

 

)1(

1

)1(

2
`

−
=

−
+

pp
x

pp

p
x   

 

 

)1(

1

)1(

2
`

−
=

−
+

pp
x

p
x     this is linear differential equation ``by x``,    x=x(p) 

 

 

Solve by using well-known formula: 

 

 

x(p)= ))((
)()(

dpepqce
dpxpdppp

∫ ∫+∫−    

                                                              

                                   

x(p) = ppc
p

ln[
)1(

1
2

−+
−

]    This solution replace in  y = xp
2
- p 

y(p)= ]ln[
)1(

1
2

ppc
p

−+
−

p
2
- p 

 

And this is a general solution in parametric form. 

 

 

 



 

14. Show that the differential equation 02)21(`)( 22 =−−+++ xyxyyxx  has a particular solution ay =1  

 

where a   is  constant that should be set. Find the general solution. 

 

Solution: 

 

02)21(`)( 22 =−−+++ xyxyyxx    has a particular solution ay =1  ⇒  `

1y =0  replace in equation: 

 

 

0)()22(

022

02)21(0

2

2

2

=++−−

=−−+

=−−++

aaax

xaxaa

xaxa

   

 

 

From  here must be:  -2a-2 = 0     and     a
2
+ a = 0 

 

                                   -2a = 2              a(a + 1)= 0 

 

                                      a= - 1             a=0     or   a = - 1 

 

Therefore, conclude that   a = - 1 and one solution is 11 −=y  

 

This is Riccati differential equations, form is   y` = P(x) y
2
 + Q(x)y + R(x) 

 

If it is known one particular solution y1(x), then take the replacement: y(x) = y1(x)+
)(

1

xz
 

 

y(x) = y1(x)+
)(

1

xz
                             

2

`
`

1
1

z

z
y

z
y −=⇒+−=  

 

02)21(`)( 22 =−−+++ xyxyyxx  

 

02)1
1

)(21()1
1
()

`
)(( 2

2

2 =−−−+−+−+ x
z

x
zz

z
xx    

xx
z
xx

x
z

+
=

+

+
+

22

112
`    this is linear differential equation “by z” 

 

 

 

z(x) = ))((
)()(

dxexqce
dxxpdxxp

∫ ∫+∫−  

 

 

xxt
t

dt

dtdxx

txx
dx
xx

x
dxxp +===

=+

=+
=

+

+
= ∫∫∫ 2

2

2
lnln

)12(

12
)(  

 

 

 



=
+

=∫ ∫∫
+
dxe

xx
dxexq

xxdxxp 2ln

2

)( 1
)( x     pa je  

 

xx

xc
xz

+

+
=

2
)(     return replacement and  

 

 

xx

xc

y +

+
=

+ 21

1
                                    

cx

cx
y

+

−
=

2

                      general solution        

 

 

 

 

15. We have differential equation xxyxyxy 2)12(` 22 +++−=  

 

Determine the real numbers  a  and b so that y = ax + b  is  particular solution of the equation and then find  

 

the general solution. 
 

Solution: 
 

aybaxy =⇒+= `  replace in given differential equation 

 

xxyxyxy 2)12(` 22 +++−=  

 

xxbaxxbaxxa 2))(12()( 22 ++++−+=  

 

axxxbaxbxaxbabxxa −++−−−−++= 22220 22222  

 

 

0)2222()12( 222 =−++−−++− bbababxaax   from here must be: 

 

0122 =+− aa     and   02222 =+−− abab      and    02 =− bb  

  

(a-1)
2
= 0                     (2b-2)(a-1) = 0                    b(b – 1)= 0 

 

a = 1                           a= 1  or   b= 1                       b= 0  or   b= 1 

 

In this way, we have received two  particular solutions:: y = x    and    y = x+1 

 

We will of course choose the easier :     y = x    for another part of the task. 

 

xxyxyxy 2)12(` 22 +++−=            This is Riccati differential equations, replacement is: 
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16. Solve the differential equation:  1` 222 ++= xyyxyx  

 

 

Solution: 

 

 

1` 222 ++= xyyxyx     all divide with x
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yy ++=      This is Riccati d.e.                y` = P(x) y
2
 + Q(x)y + R(x) 

 

Replacement    z = yx   where is   z = z(x)            (see theoretical note ...) 
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1)`( 2 ++=− zzyzx  

 

1` 2 ++=− zzxyxz    replace that  yx = z 

 

 

1` 2 ++=− zzzxz  



 

12` 2 ++= zzxz    differential equation that separates the variable      z` = 
dx

dz
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